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Abstract. Multivariate extreme value theory is used to estimate the probability of failure of a sea-wall near the
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Introduction

This is an account of theoretical and applied work done by the Dutch participants of the
European Union project ‘‘Neptune’” 1995-1997, grant MAS (marine science) 2-CT94-
0081. The project as a whole aimed at creating a model for transferring extreme conditions
in weather patterns onto sea state conditions offshore and then onto sea state conditions
near shore which could threaten coastal areas. Partners were: British Maritime
Technology, Lancaster University and University of East Anglia (all in the United
Kingdom), National Institute for Coastal and Marine Management—RIKZ, Delft
Hydraulics—WL, and Erasmus University Rotterdam—EUR (all in The Netherlands),
and GKSS Forschungszentrum Geesthacht in Germany.

The project has been carried out jointly by all partners. The Dutch partners in particular
have been working in close cooperation. This note reports about the work done by these
people. The group consisted mainly of: J.G. de Ronde and J. van Marle (RIKZ), C.F. de
Valk (WL/Argoss), D. Hurdle (WL/Alkyon), G. Draisma, L. de Haan, L. Peng and A.K.
Sinha (EUR).

1. The problem

Figure 1 shows two-dimensional observations, wave heights (HmO) and still water level
(SWL) during 828 storm events spread over 13 years in front of the Dutch coast near the
town of Petten. They can be considered independent and all following the same probability
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Figure 1. Wave height HmO and sea level SWL recorded during 828 storm events for the Dutch Coast. The
area above the solid line represents a possible failure area.

distribution. These observations are relevant for a small stretch of sea dike that protects a
gap in the natural coast protection formed by sand dunes near Petten. The dike is called
“‘Pettemer zeedijk’’.

The area above the solid line in Figure 1 represents the failure region. Any event in that
region could lead to the collapse of the dike. The failure region has been obtained by
coastal engineers and depends on the structure of the dike and the adjoining part of the sea
bottom.

The questions are:

e What is the probability of getting a future event in the failure region?
e Can we give a margin of reliability for our estimate of the failure probability?

The present paper will offer an asymptotic method to determine this probability. In
doing so we shall also provide some insight into the theory of multidimensional extremes
(probabilistic and statistical).

Some remarks about the problem can be made at this stage.
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None of the observations falls in the failure area: there has not been a dangerous
situation at Petten during the observation period. The design criterium being 10~ per year
and the observation period 13 years this is no big surprise. It means that the empirical
distribution function is of no immediate use in this problem; one has to extrapolate outside
the range of the observations and for this one needs smoothness conditions in the tail of the
distribution.

These conditions could be parametric (i.e. one fits a completely specified parametric
family of probability distributions). But since we are going to estimate the tail of the
distribution, the central observations may not be of much use. So we should restrict
ourselves to modeling the tail. A parametric approach to the tail is possible as we shall see,
but we shall concentrate on a semi-parametric approach.

In fact it is one of the essential features of the problem as shown in Figure 1, that there is
no observation near the failure region. We are going to develop an estimation procedure
which is ‘‘asymptotically correct’’. In the asymptotic analysis we have to retain the feature
that none of the observations is near the failure region. So, if p is the unknown failure
probability, we must have p<1/n with n the number of observations. This means that,
when n tends to infinity, p must go to zero, in particular p depends on n : p = p,,.

The probability of failure that we want to estimate is of the order of 10~ or even less. It
seems an impossible task to estimate such low probability from a sample of just 13 years.
However existing theories of meteorology, hydrology and wave mechanics are insufficient
to assess risk of dike failure or to model still water level, waves and wave periods over
time. Since nevertheless a decision has to be reached, the only thing left is a statistical
approach. Of course we are not interested in what is going to happen 10,000 years from
now, but in the probability of failure ‘‘next year’’. This is how one should interpret the
term ‘‘return period’’. It should also be stressed that any conclusions from the statistical
analysis should be confronted with the physical conditions and modified if necessary.

2. Data and failure region definition
2.1. Data

The data set for this project was supplied by RIKZ. It contains date, time and wind and sea
characteristics recorded from 1979 till 1991 at 3-hourly intervals at the Eierland station,
20 km off the Dutch coast (offshore). In the dataset 1090 storm events were identified
(de Valk, 1994). In our contribution to the Neptune project we considered three variables:
wave height, HmO, measured in meters, wave period, Tpb, measured in seconds, and still
water level, SWL, measured in meters. In order to construct a set of independent
observations we selected the maximum of each of the variables, recorded during each
storm (note that these values were not necessarily observed at the same time). Due to
missing values this resulted in a set of 828 independent observations (the cause of missing
was not related to weather or sea conditions).
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2.2. Failure conditions

In the Neptune project we wanted to estimate the probability of failure of the ‘‘Pettemer
zeedijk’’. Failure is defined as a load (caused by onshore sea conditions) exceeding a
design load (determined by the design of the dike). We considered only one failure
mechanism: failure by overtopping. For this failure type a simple criterium is that more
than 2% of the waves reaches the crest of the dike, in other words that the 2%-runup level
exceeds the crest height (12.75 m) of the dike. This 2%-runup level is a function of the
onshore sea state (wave height, period and direction and still water level). The runup ()
function was supplied by WL (de Valk, 1994, 1996).

The onshore sea state itself is a function of the offshore sea state and the local
topography of the sea bottom. The onshore () function was also supplied by WL (Hurdle,
1995, 1996). These runup and onshore functions together determine a load function in
terms of the offshore variables given in the dataset:

L(HmO, Tpb, 8, SWL) := runup(onshore(HmO, Tpb, 8, SWL)).

To simplify the analysis wave direction 0 was taken fixed: perpendicular to the dike (due
to refraction the load is not very sensitive to offshore wave direction).

To sum up, load in terms of offshore wave height, wave period and sea water level is
defined as

L(HmO, Tpb, SWL) := runup(onshore(HmO, Tpb, ,, SWL)) (2.1)

with 6, = (2 — 5/12)x, perpendicular to the dike. The corresponding failure region is
defined by

{(HmO, Tpb, SWL) | L(HmO, Tpb, SWL) > 12.75}. (2.2)

The failure area shown in Figure 1 is a further simplification. During extreme storms
wave period exceeds 15 seconds and runup is almost independent of the wave period. The
resulting two-dimensional failure region can be approximated by

{(HmO, SWL) | 0.3 HmO + SWL>7.6}. (2.3)

(van Marle, 1994, 1996).

3. Outline

The problem of estimating the failure probability can only be solved within the framework
of extreme value theory. If the extreme value conditions apply, then the tail of the
distribution away from the data can be modeled by using the observed data. This is
explained in Section 4.

In the same section it will become clear that the modeling of the two-dimensional
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distribution tail can be separated into modeling the tails of the two marginal distributions
and modeling the dependence structure: the easiest way to study the dependence structure
is to standardize the marginal tails first. The standardized tails of the marginal distributions
should follow a one-dimensional extreme value distribution. Various choices are possible.
We shall use the uniform distribution when estimating the dependence structure (see
Section 4.1; in that case one can just use the ranks for standardization) and the distribution
function exp —1/x when estimating the failure probability (see Section 4.2; in that case the
tail extends to infinity which is a bit more in line with what the data suggest).

After the transformation of the marginals the tail of the distribution has approximately a
very useful homogeneity property that allows us to estimate probabilities in an area where
there are no observations (see Sections 4 and 5.2).

Let us say for simplicity that we want to estimate

P{X>xorY>y}

with (x,y) away from the sample in the tail (cf. Figure 1, which however depicts a
different failure region, see (2.3)). First we standardize the marginal distributions. The
mentioned probability then becomes

1 ~ 1 -
P{ RE TR >y}

with F,,F, the marginal distribution functions and *=1/(1—F;(x)) and
y=1/(1—F,(y)). Still the vector (X,y) is outside the range of the transformed
sample (cf. figure 6, dotted line, again with the failure region (2.3)). But extreme value
theory tells us that (thanks to the initial transformation)

1 1 - 1 - 1 -
P{l—Fl(X)>x or 1—Fz(Y)>y} th{l_Fl(X)>tx or 1_F2(Y)>ty}
(3.1)

for t>0 and we can choose ¢ so small that (X, #y) is indeed within the range of the sample
(cf. figure 6 solid line). As a consequence the latter probability can be estimated via the
empirical measure (counting the number of sample points in the set). Then also the
required probability can be estimated via equation (3.1). This is the estimation method for
the failure probability in a nutshell.

The dependence structure of multivariate extremes is of interest in its own right. For
example we want to know if a catastrophic situation is likely to be caused by high still
water level or by waves or by their joint impact. The dependence structure is estimated in
two ways (see Section 4, cf. also Section 5.1) and one of the methods also serves as a check
on the extreme value model.

For the first method one draws lines of equal probability for extreme quadrants (quantile
curves) using the transformed data. These level curves should be convex and should have
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the same shape for various levels (check on the model). See for example Figure 4. Also the
curves reveal the amount of asymptotic dependence which however can not be presented
in one number: there is no analogue of the correlation coefficient in extreme value theory.

In the second method the so-called spectral measure is estimated. This measure serves
as an (infinite-dimensional) parameter governing the dependence. Once again the amount
of asymptotic dependence can be read off from the estimate of the spectral measure
(Figure 5).

In Section 6 concrete estimation procedures and the resulting estimated failure
probabilities and dependence structures are discussed. One alternative way of estimation is
by assuming a parametric model for the spectral measure so that the entire model
(including marginal distributions) can be described by just 5 parameters which can be
estimated by maximum likelihood methods (cf. Section 6.2).

Special issues are addressed in Section 6.3 (three variables approach), Section 6.4 (the
load variable—or how to turn a higher dimensional problem into a one-dimensional one)
and Section 6.5 (the asymptotic independence issue).

4. Probability theory

In order to be able to explain the basis of the statistical procedures, we first have to look at
the theory of multivariate extremes. For simplicity we shall give an exposition of the
theory in R?. Generalization to higher dimensions is immediate.

Let (X;,Y)),(X,,Y,),... be a sequence of i.i.d. random vectors with probability
distribution function F. Suppose that there exist sequences of constants a,,, ¢, >0, b, and
d, and a distribution function G with non-degenerate marginals such that

lim Pr<maX(X17X27 s 7Xn) - bn S X, maX(Yl, Y27 ey Yn) — dn S y)
n—00 a, ¢,
= lim F"(a,x+b,,c,y +d,) = G(x,y) weakly. (4.1)

Of course the limit distribution is defined up to scale and shift constants, but we can
choose these in a particular way as follows.
Relation (4.1) implies marginal convergence, i.e. for example

n—0Q

lim Pr{max(Xl,Xz, X, —b
a

"< x} = G(x, 00)

n

and hence G(x,00) and G(oo,y) are necessarily one-dimensional extreme-value
distributions. Now we choose a,, b,,c, and d, such that

n»

G(x,00) = exp{—(1 +px) "/} (4.2)
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G(00,y) = exp{—(1 +7) "/} (4.3)

with y; and y, real parameters, the extreme value indices.
Clearly (4.1) implies

lim n{l — F(a,x+b,,c,y +d,)} = —logG(x,y) (4.4)
weakly. Define a sequence of measures v, v,,... by

va{(s,0) [ s> xort >y} = n{l = F(a,x + by, ¢,y + )}

for x,y real. This relation, valid for all x and y, determines the measures v, v,,... .
Relation (4.4) says that the sequence of measures v, converges vaguely (as n — o). This
means that there must be a measure v, the limit measure, such that

v{(s,t) | s >xort>y} = —logG(x,y) (4.5)
for all x,y. It also follows that

lim v,(B) = v(B)

n—oo

for any Borel set B for which v(0B) = 0. Note that v(B) is finite provided B¢ contains an
interval of the type (—oo,x) X (—0c0,y) with x and y sufficiently large. But v(R?) = occ.
The question is: what class of measures v can occur in (4.5)?

4.1. Transformation to Fréchet marginals

In order to answer this question we apply a transformation to the marginal distributions,
related to the limiting extreme-value distributions of the marginal distributions. Note that
the convergence of marginals implies that for s >0

Yns) — s“/‘l,h[m] ~ b — st Clnsl — s Aing — — 21 (4.6)

) v ) )
a a, 71 Cn Cp 72

n

where [x] is the integer part of x (cf. de Haan, 1984). Note that for any s>0 by (4.4)

lim [ns]{l - F(a[ns]x + b[ns]7 Clns)Y + d[ns])} = 10gG(x7y). (47)

n—oo
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Combining (4.6) and (4.7) we get by local uniformity in (4.4)

n—1 . 21
lim n{l —F<an [s}’lx—&—s ] +b,,¢, {s'zy—&—s ] +d,1>}
n—00 71 72

= —s 'logG(x,y) (4.8)

Or, more neatly, by substituting (x’' — 1)/y, for x and (y’*> — 1)/y, for y in (4.8)

}’1_1 "/2_1
lim n{l_F(aan,anw)}

n—00 71 72
1 oy — 1
= —s'logG <x—’y > (4.9)
71 72
for x,y,s>0. But a direct application of (4.4) gives
Y1 1 Y2 1
lim n{l —F(anL—l—bn,an—i—dn)}
n—00 71 Y2
"o 1 T2 1
= —logG ((sx) ) ) . (4.10)
71 72
Comparing (4.9) and (4.10) we get for x,y,s>0
T—1 y2 —1 71_1 f }’2_1
—sllogG(x—,y ) = —logG<(Sx) ’(9y) )
71 72 71 72
This can be expressed more conveniently if we define
1 oy — 1
Gy(x,y) ::G<x ’y ) (4.11)
Y1 72
Then G, (x, 00) = Gy(00,x) = exp(—1/x) and for all x,y,s>0,
GS(SX7 Sy) = Go(](,y). (412)

This relation is the basic homogeneity relation of multidimensional extreme-value theory
which will allow us to use semi-parametric methods in estimating the tail: write

Ay ={(s,0) | s>xort>y} (4.13)

If we want to estimate the probability of a set A, , with (x,y) beyond the sample in the
tail, we can use (4.12) and estimate instead A with s so small that there are some

5X,5y
sample points in A, so that the empirical distribution can be used for estimating the

SX,SY
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probability of A, ;. A relation like (4.5) holds for G, instead of G: there exists a measure
vy such that
VO(Ax,y) = _IOgGO(xay)‘ (414)

The measure v, is called the exponent measure of G. From (4.12) it follows that

VO(ASx,xy) = VO(SAx,y) = S_IVO(AX,)')

(recall that by definition w € sA, , if and only if w/s € A, ;) for all s>0. This equality
obviously extends to any Borel set: for any Borel set B € R, x R, and any s>0

vo(s-B) =5~ - vy(B). (4.15)

Relation (4.15) gives the exact class of measures v, that can occur in (4.14). In order to
investigate v, a little more we apply (4.15) to the set

By, = { ()

w42 >r2, arctan<z> < 9}
v
for some 0 € [0, 7/2] and r>0. Since B, = 1B relation (4.15) says that

vo(By,) = 1" - v(By,).

In words: after transformation to polar coordinates the measure v, is a product measure.
The function v,(By ) is in fact the distribution function of a finite measure on [0, 7/2].
This measure is called the spectral measure of the extreme value distribution. Clearly the
measure v is determined by its value on all sets of the form By ,. This means that the
distribution function

(0) :=vo(By,1) (4.16)

of the spectral measure determines v, hence G, and hence G apart from the marginal
parameters ; and y,. So G is characterized by three quantities: y;,y, and the spectral
measure @. The spectral measure @ is the exact analogue of (and in fact related to) the
spectral measure of a stable distribution (see Feller, 1966, Section XVII.12). The
distribution function G can be expressed in terms of y;,7, and @ in the following way
(cf. e.g. Resnick, 1987)

1— V2 n/2 i
G(x 17y 1) — exp _/ (cos@vsm@)q)(do) 417)
M1 72 0 X y

for x,y>0. This representation is unique in the sense that there is a one-to-one
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correspondence between G, and ®. The representation is not unique in the sense that
instead of the transformation to polar coordinates

= x 4y 0 = arctan<X>
X

that we used, one can choose a transformation based on any other norm, for instance

r:=x-+y

r = max(x,y),

(and we shall use the latter one later on). Also in the representation given, the marginal
distributions of G, are of the form exp(—1/x) (i.e. y = 1), but any other extreme-value
distribution could be chosen as basic distribution, e.g. the ones with y =0 or y = —1
(exponential, resp. uniform). Modulo these two changes the representations of de Haan
and Resnick (1977), Deheuvels (1979) and Pickands (1981) (the ‘‘Pickands
representation’’) are all the same. We can summarize the line of thinking by saying
that after a preliminary transformation of the marginal distributions, the distribution
function has an asymptotic homogeneity property. A slightly different way of obtaining
the asymptotic homogeneity property is the following.

4.2. Transformation to uniform marginals

Assume once again that (4.1) holds. The sequences b,, and d, can be taken as

b= -r) (1)
a=-r) (1)

with F| and F, the two marginal distribution functions of F and the arrow indicating the
left continuous inverse of a function. Then

n{l - F(b[ns]vd[m])}

b[ns] - bn d[m‘] - dn
—nd1—F(b, +a, " g g T "

n Cﬂ
sh—1 2 —1

b
71 72

HlogG< ) = —1log Gy(s,1)
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as n — oo (use (4.6)). So (by the definition of b, and d,)

sof(0-ri (202 )

11
= —loeGal= -] =1 4.18
og O(X,y> (X,y), ( )
or

lim nPr{l —FI(X)<% or 1 — Fy(Y) < JZV} = I(x,y). (4.19)

n—oo

where the random vector (X,Y) has distribution function F

The function / will play a role later on. It is a convex function. Note that the basic
marginal distribution in this set-up is the extreme-value distribution with y = —1 (in
contrast to y = 1 chosen before). This is obvious since 1 — F;(X) and 1 — F,(Y) have a
uniform (0,1) distribution. More generally

lim nPr{(1—F,(X),1 —F,(Y)) € n"'B} = ¥y(B) (4.20)

n—oo

where ¥, is the unique measure with ¥ ({(s,#) | s<x or t<y}) = I(x,y) for 0<x,y<1.
Note that v, is not the same as v,. Again we get a homogeneity property for the measure
vy: for >0 and any Borel set B

Vo (sB) = s7y(B). (4.21)
In particular
l(ax,ay) = al(x,y) for a,x,y>0. (4.22)

A good way to remember the role of the /-function is by combining (4.19) and (4.22): for
large values of x and y we have

L= F(x,y) ~ (1= Fy(x), 1 - Fy(y). (4.23)

As in the case of the measure v, relation (4.21) leads to a spectral measure:

wof 5.

for some monotone ®, with ® the distribution function of a finite measure (the spectral
measure) on [0, 7/2].Once again G is characterized by 7,, 7, and the distribution function
®. Note that in the development leading to ®, the preliminary transformation of the
marginals is non-parametric whereas in the case of ® it was parametric (using

sA t<r,:; < tan@} = rd(0)
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Y1572, 4,, Cyy b, and d,). Two remarks can be made. Firstly there are two extreme cases for
® (or ®). If ® (or @) is concentrated on the two end points {0} and {n/2}, then
G(x,y) = G(x,00)G(c0,y), i.e. the components are independent. If ® (or ®) is
degenerate and is concentrated on some point in (0, 7/2), then there is full dependence,
i.e. one component determines the other:

G(x,y) = G(x,00) A G(0,Y).

Secondly a way to visualize the dependence structure is as follows. Define the level set
Q. :={(xy) | l(x,y) = c}

with / the limit function in (4.18). The curve Q. has the following properties:

1. It connects the points (c,0), (0, ¢).

2. It is the graph of a non-increasing function.

3. It is a concave function.

4. The shape of Q. is the same as that of O for ¢; # ¢,.

Conversely any set of curves with the mentioned properties serves as the level set of some
[-function (Huang, 1992, Chapter 3). The special cases of independence and full
dependence of the marginals are reflected in the Q-curve as follows. In case of
independence the O -curve is given by {(x,y) | x + y = ¢} and in case of full dependence
by {(x,y) | x Vy = ¢} Since in a practical situation it is important to know if there is
asymptotic independence, a graphical test like that of the Q-curve is helpful. We finish
this section by remarking that in the two basic relations

_ =1 y — 1
lim nPr¢ X > a, +b,orY >c, +d, p = v(Ay,) (4.24)
=00 71 V2

and (4.20) the running integer variable n can be replaced by a continuous variable #: for
some functions @,c¢>0 and b and d real

x—b()"" y—amn\""
ZEI?OIPT{<<1+V1M> ,<1+)}2C(I)> ) EB} =v,(B)

(4.25)

and

1%1 ' Pr{(1 — F(X),1 — F,(Y)) € tB} = 7,(B) (4.26)

where y, and 7y, are the parameters of the two marginal extreme-value distributions and B
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any Borel set with v, (0B) = 0 or ¥,(0B) = 0 respectively; (X,Y) is a random vector with
distribution function F. We shall also need

ltifg}f'{l = F((1 = F)" (x), (1 = F5)~ (1))} = I(x, ). (4.27)

5. Statistical theory
5.1. Estimation of the extreme value distribution

The aim is to develop estimators for the function / (cf. (4.18)) or equivalently for the
distribution function G, as well as for the distribution function @ of the spectral measure,
based on observations (X;,Y,),(X,,Y,),...,(X,,Y,) from the initial distribution F. The
estimators will be consistent and asymptotically normal. First of all remark that — log G is
an approximation only to the far tail (1 — F(a,x+b,,c,y+d,)) of the original
distribution. Hence only ‘‘larger’” observations from F tell us anything about G or [.
So only a small number, say k, of the original n observations will be used for estimation,
namely those observations for which at least one of the components exceeds a certain
threshold. The number k (depending on n : k = k(n)) should go to infinity with » in order
to enable us to use the law of large numbers for proving the consistency but should be
small in relation to n, since only the tail is relevant. Hence we require

k=k(n) - 00, —2—0 (asn— o).
Let us now start from relation (4.27) and replace ¢ by k/n

k k
lim EPr{l —FiX)<—-xor1l-F,(Y)< —y} =I(x,y).
n n

n—oo

We want to turn the left hand side into an estimator for /. In order to do so we replace Pr

by the empirical measure P, and F, and F, by their empirical counterparts F\" and F{":

I(x,y)

=20 M1 - FY (X)) < ke or a1 = (1) < ko)

1
= %ZII{XI > an[kx],n or Yi > Ynf[ky],n}

l n
:zZI:I{R?(>n—kxorRlY>n—ky} (5.1)



20 DE HAAN AND DE RONDE

where X, <X,,<---<X,, are the order statistics from (X;,X,,...,X,) and
Y,,<Y,, <---<Y,, the order statistics from (Y,Y,,...,Y,); RY = rank(X;) among
(X1,X;,...,X,) and RY = rank(Y;) among (Y,,Y,,...,Y,). The estimator / is consistent

for I. Under additional assumptions the stochastic process
\/I;{i()(,y) - Z(X7y)}

converges in D([0,1] x [0, 1]) to a zero mean Gaussian process with known covariance
structure (Huang, 1992). The convergence rate 1/v/k will be relevant to the rest of our
story, but not the limit process. In a similar way we can construct an estimator for the
distribution function ® of the spectral measure. Recall that for 0<ux,y<1

1(x,y) = Vo(([x, 1] x [y, 1))°)  (in[0, 1]%)
and that

D(0) = r’lﬁo{(s,t) | s A t<r,§ < tan@}.

Proceeding in a way analogous to what we did for the /-estimator, we get (take r = k/n).

Y_
n—nK;

2 1 <& v .y . n—RE
@(0) ::%ZI n—R{ VR <k-—f <tan0 . (5.2)
=1

1

The estimator ® is consistent for ®. Under additional assumptions the stochastic process

V(D (0) — B(0))

converges to a zero mean Gaussian process with known covariance structure (see
Einmahl, de Haan, Piterbarg, 1997). An alternative way of estimating / and © is via
relation (4.25)

I(x,y) ;:%il{ (%) >% or Y(%) >$} (5.3)

and
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where

- 1/ 5 1/7
s(n\ . Xi = b(n/k) s(n\ 5 Y, —d(n/k)
Xi(k) = <1+'}1é(n/k) ) 7Yi<k> = <1+/2€(n/k) ) .

(5.5)

The estimators §,,%,, a(n/k), b(n/k), ¢(n/k) and d(n/k) are well-known from the
solution of the corresponding one-dimensional problem. As estimators for
V1,72, a(n/k),b(n/k),c(n/k) and d(n/k) we have used the ones suggested in Dekkers,
Einmahl and de Haan, 1989: define the functions

_ 1 2
t:=tANO0, t) i=——, f) = ———,
pl() 1—7 pZ() (]—t>(1—2l)
and forr =1,2
k—1
Hl.r = k71 Z{logxnﬂ',n - loanfk,n}rv

i=0

k—1
H2,1' = k_] Z{log Ynfi,n - IOg Ynfk,n}r'
i=0

Now we define estimators as

Ve (1)~ pa(in)

Ynfk,n 3H§,l - H2,2

> Xn—k,n 3H12A,1 _Hl,z

V@62 = patin)

The estimators / / and @ are consistent.
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Under additional assumptions

V(T (x,) — I(x,y} and VA{®'(60) — D(0)}

converge to a zero mean Gaussian stochastic processes with known covariance structure
(see de Haan and Resnick, 1993, Einmahl, de Haan and Sinha, 1996, Sinha, 1997,
Chapter 4).

5.2.  Estimating an exceptional set

We have now finished the necessary preparation for tackling the problem set out in Section
1: estimating the probability of an exceptional set.

We are given n i.i.d. two-dimensional observations (X,,Y,), (X,,Y,),..., (X,,Y,) from
an unknown distribution function ' which we assume to be in the domain of attraction of
an extreme-value distribution i.e. for which (4.1) holds. Also we are given some set C, the
exceptional or failure set. None of our observations fall in the set C and we are asked to
estimate the probability of C.

Since none of the observations fall in the set C, a first approximation for its probability is
Pr(C)<1/(n+ 1). Since we are going to apply asymptotic theory (pretending that the
number of observations n grows indefinitely) and since the fact that none of the
observations fall into C is an essential feature of the problem, we have to assume that
lim,_, ., Pr(C) <lim, . 1/(n+1) =0 so we have to assume that the set C in fact
depends on n. So we now write C = C,, and assume Pr(C,) — 0 (as n — o).

In order to make the method of estimation more transparent, we shall first look at the

special case
C,={(s,0) | s>x,ort>y,}, (5.6)

i.e. C, is the complement of a rectangle. Recall that the tail of F has a certain useful
approximate homogeneity property after a transformation of the marginal distributions.
So we are going to express everything including C, in the transformed coordinates.
Hence define sequences ¢,,,r, >0 via the equalities

(" n\ g —1
weo(7)+o(3) 4

n n\ rr—1
—al? ny . _
n=a(z)+(3) =
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In order to derive an estimator for Pr(C,) we consider the following (approximate)
equalities (use (4.25) with B = (0,¢,] x (0,r,])

Pr(Cn) =1 _F(xnvyn)
71 V2
n n\qgp —1 n n\r—1
—1-F(b(Z 1 d( 2 -
() ()5 a(i) (1))

k
~ 2{_ logGO(qnarn)}'

We are tempted to use this as a basis for an estimator for Pr(C,). However ¢, and r,, tend
to zero, so it is of no use. We have to use the homogeneity property of the function
—log G, again in order to get the arguments of — log G, in the right range. This is done as
follows. According to one-dimensional extreme value theory

X, — b(n/k))l/'*’l_ k1

k
1—-F ~—|1 =-
l(xn) n ( +y1 a(n/k) ng,

and

k y, —dn/\ V" k1
1-F ~—(14+p,2—"7 =—_.
10) n ( 2 c(n/k) nr,

Now from the above

k
P/'<Cn> ~ Z{_ logGO(qmrn)}

_ k\/q,; %+ 1,2
n

{=1ogGo(q, Va2 + 172 ru gt + 172} (5.8)

We have to suppose now that lim,_, ., ¢,+/1/q2 + 1/r2 exists € (0, 1), i.e. that

- F
n—oo ] — Fz()’n)

exists in (0, 00). Then the arguments of — log G, in (5.8) stay away from zero and infinity
as they should.
The estimator for Pr(C,,) then becomes (via (5.6) and(5.8))

Nz
n

—10g G(4,\/@n % + P 2PV 32 + 7 2)}
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where —log Gy (x,y) = I'(1/x,1/y) (see (3.18) and (5.3)) and

o 1/3, .
7 '—E 5 )L(n/k) 7 ._E o M 172
qn .—n<1+))1 &(n/k) ) , ,,.—n<l—|—/2 c(n/k) ) )

The asymptotic behavior of 1 — F is as follows:

AA A A I_F(xnvyn)
b I A VA
T(qnvrrnylv/%n) (1_F(xnayn) l)
is asymptotically standard normal where 7 is a known completely specified function
tending to infinity (see Sinha, 1996, Chapter 2 or de Haan, 1994; for the one-dimensional
analog see Dijk and de Haan, 1992). This leads to an asymptotic confidence interval for
Pr(C,).
Now after finishing this simple case, we are ready to consider the problem of estimating
Pr(C,) for a set C, of quite arbitrary form. In complete analogy to the previous case we
suppose that

() (c,A) =1 n
C”_a(k> y +b(k)

where a(n/k) = (a(n/k),c(n/k)),b(n/k) = (b(n/k),d(n/k)),y = (y,,7,) and the sums,
products and powers are defined component wise. Recall that by ¢,A we mean all
elements of A, each multiplied by c,,.

Here A is a fixed set and ¢, a sequence of positive numbers with ¢, — oo, n — oo (the
sequence ¢, plays the role of the sequence (g, + r, 2)71/ ? and the set A that of the set

: 11 S |
(s,0) [ s< lim g, q—%+gort<nlggorn e

in the example above).
Now note that by (4.15) and (4.25)

e en(Z) 2L ()
_ Pr{ ((1 +m%§"k)/k>> WI’ <1 ”2%%//{)) wz) ) C"A}

k
~— A
nvo(cn )
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So the proposed estimator of p,, is

k ~
h, = — V(A
Pn né vO( )

n

where (extending (5.3) for each Borel set B)

~ 1/ 1/9,
ZI{<<1+/1X—_(:/(Z)/k)> ,<1+@2—Y":(:/(Z)/k)> >EB}.

Next we are going to introduce the estimators ¢, for ¢, and A for A. First of all note that c,
and A are not uniquely determined. In order to determine them exactly we require that A
satisfies min{s | (s,s) € A} = 1, i.e. the point (1.1) is on the boundary of A.

At this point, in order to proceed we have to specify our problem a little further. The
failure region in Figure 1 is in fact determined by a function: its functional form is

{(5,8) ] (0.3)s +1 > 7.6}.
So we shall assume that

C,= {(S,I) ‘f;l(s’t) 2 1}

and more specifically, that

f(s.1) =f<xiyi>

where x, and y, are positive numbers and f some fixed known function.
Now

1/y
1 C, —b(n/k)
A‘Z<1” a(n/h) )
1 n\ (c,s)" —1 n
(afelr) 5l
1 n\ (c,t)>—1 n
00}

—



26 DE HAAN AND DE RONDE

But according to our choice of A, the point (1.1) must be on the boundary of A. So ¢,

must be the solution of
1 n\uz—1 n
—qcl| — +d| - =L

1 n\ut—1 n
afeld) el
7). But we do not know (a(n/k),b(n/k),7). So

) which is the solution of

ateld) s o))y -

We have now defined ¢,. Finally we define A as follows:

o c, — b))
AZZZ<1+VW> .

<
(¢)
aQ
o
=
Q
=X
<
=
=
(=N
>
=
I
<
—
&>
—
S
~
=~
~—
o,
—
S
~
=~
N
2>

Now the estimator p, is fully defined. Under various conditions concerning the
underlying distribution function, the sequence k(n), the function f and the sequences x,
and y,, we have the following asymptotic result for p,,:

is asymptotically normal with mean zero and known variance, where ¢ is a known
completely specified function such that \//€/q5,1 A?z(én) — o0,n — 00 (see de Haan and
Sinha, 1997).

6. Estimation procedures and results

We are now going to apply the described semi-parametric estimation procedures and also
maximum likelihood procedures to the two-dimensional data set (still water level and
wave height) and later to the three-dimensional data (still water level, wave height and
wave period).

6.1. Semi-parametric estimation procedures

The steps to be considered are:

e Estimation of the one-dimensional shape parameters y; and y,.
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e Estimation of the dependence structure via the spectral measure @(-) or the set Q(-).
This step is not essential for the estimation of the failure probability, but it provides
insight in the asymptotic dependence between the two variables. The main purpose is to
check that there is indeed asymptotic dependence: in case of asymptotic independence
the estimation of p, has to be done in a different way. See Subsection 6.5.

e Estimation of failure probability and confidence interval.

6.1.1. Univariate analysis. Analysis of the marginals starts with estimation of the
parameters of the extreme value distribution, a(n/k), (n/k) c(n/k),d(n/k),y{,7,-
Figure 2 shows the estimate of the extreme value indices }, for various values of k.
Unfortunately, the plot of HmO suggests that only a limited number of order statistics
may be used. We decided to use k = 27 upper order statistics for our analysis. Table 1
presents the resulting estimates.

Using these estimates we can fit an extreme-value distribution to the tail of the empirical
distribution function. As Figure 3 shows, this fitted curve allows us to estimate
probabilities outside the range of observations. Note that for the wave height the
correspondence between empirical and parametric exceedence probabilities is only fair in
the tail. Note also that the sea level seems to have a finite upper limit. This is confirmed by
the analysis, based on a much larger dataset, of Dillingh et al. (1993).

6.1.2. The dependence structure of bivariate extremes. We are going to visualize
the asymptotic dependence structure via the Q-curve and the function O. Figure 4
shows the estimated Q-curve: in the upper figure the set {(x,y) | {(x,y) = ¢} is shown
(based on ranks) for ¢ = 0.042,0.034,0.025,0.017 and 0.0085 and in the lower figure
the set {(x,y) | I’(x,y) = ¢} is shown (based on (X,(n/k),Y;(n/k)) for the same values
of ¢ (cf. Subsection 5.1). The two pictures are not much different although the first one
is neater. The characterizing properties of the Q-curve from Section 4, concavity and
equality of shape of Q. for different values of ¢, seem to be approximately true for the
curves of Figure 4. This gives some confidence in the extreme value model. Also even
for small values of ¢ the curve seems to differ significantly from a straight line so that
indeed there is asymptotic dependence (cf. Section 4).

_Figure 5 displays ¢ the estimate of the spectral measure ) using ranks ((D top) and using
(X,(n/k),Y,(n/k)) (@', bottom). In both pictures ®(7/2) is scaled down from 32 to 1. On
the horizontal axis the angles of the individual transformed tail observations are dlsplayed
The estimate for ® is just the empirical distribution function based on those observations.

Table 1. Extreme value distribution parameters.

Parameter HmO SWL
Y172 —0.0074 —0.12
b, d 5.53 1.69

a,c 0.53 0.2915
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Figure 2. Moment estimates j; using various numbers of order statistics k. The vertical lines indicate the
actual number on which the estimates are based (k = 27). (top: wave height; bottom: sea level)
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Figure 3. Estimated marginal exceedence probabilities. The solid line represents the parametric estimate. The
‘+” symbols represent the empirical estimate. The vertical line represents the (n — 27)th order statistic. (top
wave height HmO; bottom sea level SWL)
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0.05F . 1

0.06
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0.06 T

0.03 0.04
HmO

Figure 4. Q-curves. Level sets of the functions I (top) and [" (bottom). The quantile curves correspond to
k=717, 14, 21, 28, 35 and 42.

Since these observations are not clustered in the neighborhood of the points 0 and 7/2, we
once again conclude that there is indeed asymptotic dependence.

6.1.3. Estimating the probability of a flood. For p,, the probability of having an
observation in the failure region, we have the following (cf. Section 5).
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Define fori =1,2,...,n

() - ot t] A - [t

and
1)~ P -]
Then
p. =Pr((X,Y) €C,)
() ) < (10552 )
(1) (1)) <o)
<o)
_”]zn vo(4)

and the latter can be estimated by

k ~
p, 1= Vo(A).
Pn nén VO( )

The various steps are illustrated in Figures 1 and 6. Figure 1 shows the observations
(X;,Y;) and the failure set C,. Figure 6 shows the transformed data (X;(n/k),Y;(n/k))
[resembling (X;(n/k),Y;(n/k))] and the transformed failure set (indicated by the dotted
line)

c,— b\
<1+V"T) =c,A.

For convenience both variables are displayed on a logarithmic scale.
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k=27

& 05| HH+ +H+HHH R -

025} -
o o SWL
k=27
1 . . .
075}

© 0.5 HHH ++ +I+H+

I-?mO 9 SWL

Figure 5. The spectral measure. Individual angular coordinates 0; are shown as ‘+’ signs. The solid line
represents the corresponding distribution function ® scaled down from 39/27 to 1. The top figure shows
estimates using ranks; the bottom figure shows estimates using (X;(n/k),¥;(n/k)). The horizontal axis runs
from 0 (HmO) to n/2 (SWL).
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Figure 6. Transformed data and transformed failure region. The latter is represented by the area under the
dotted line. The area under the solid line respresents the transformed failure area multiplied by
¢, =29772-10°.

Figure 6 also shows the transformed data (X,(n/k),Y;(n/k)) and the transformed and
shifted failure set (indicated by the solid line)

1 — b\
A:—(1+VC" )
Cp, a

on logarithmic scales.

Note that the point (1.1) is indeed on the boundary of A. The number of points
(X,(n/k),Y;(n/k))in A is 26 and the estimated c, is 2.9772 x 10°. This results in an
estimated failure probability

k R
5. 5 (A) =
p e Vo(A)

27 26
(828)(2.9772 x 106)27

=1.0547 x 1078,

n
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HmMO

Figure 7. Analog of figure 6 in the original scale.

This is the failure probability per storm. The failure probability per year is approximately
0.88 x 1075,

We can also give an analog of the last picture, Figure 6, in the original scale, i.e. just the
original failure set but variables transformed, shifted and then transformed back. This is
done in Figure 7.

6.14. Confidence interval. In order to get a confidence interval for p, we
reformulate the result of Subsection 5.2 as follows:

Vk

(logp, —logp,)
95,15, (Cn) ' 1

is asymptotically normal with mean zero and variance a*(y;,7,, vo(+), ®(-),f,X,,y,). For
the application of this result we still have to estimate the spectral measure ®. This can be
done in a non-parametric or in a semi-parametric way as for @ (cf. Subsection 5.1).
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Preliminary calculations with the non-parametric estimation procedure lead for the
probability of failure per year to the 95% confidence interval

(0.286 x 107,273 x 107°)
and with the semi-parametric estimation procedure to the 95% confidence interval
(0.48 x 107%,1.63 x 1079)

However these seem unrealistically narrow and need to be checked.

Finally we investigate the influence of the choice of ¢, on the result. Remember we
choose ¢, such that the point (1,1) is on the boundary of A. Changing the ¢, does not affect
the estimated failure probability much.

6.2. Maximum likelihood method

6.2.1. Full extreme value model. Maximum likelihood methods in two-dimensional
extreme value theory have been introduced by Smith (see e.g. Smith et al., 1990) and
expanded by Tawn and collaborators (see e.g. Coles and Tawn, 1991 and 1994). The
general assumption is that the underlying distribution function F actually coincides in
the tail with a multivariate extreme value distribution. Moreover it is often assumed
that the /-function (Section 4) is a known function up to one parameter:

p.q) = (0" +4"")

for some f§ € [0, 1] (logistic dependence structure: Gumbel, 1960, Smith, 1990). So for

x> ank,n
k X=X, tn —1n
1-—F =—1 B, TR
woo) = (140 o)
fory>Y, «,

k y_Ynfkn 1/
1—F X0 = — 1 Py o
( 7y) I’l( +I)2 az(n k)

and for x > ank"n andy >Y, 4,
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Table 2. Separately and jointly estimated distribution parameters; standard
deviations in brackets.

Estimated seperately Estimated jointly

p 0.56 (0.07)
Xo 5.53

a, 0.54 0.49 0.14)
7 —0.016 0.16 0.23)
Yo 1.69

a, 0.33 0.33 (0.09)
Vs —0.19 —0.043 0.24)

The contribution of each observation to the likelihood is determined according to the
threshold censored likelihood approach of Smith (1994).

(azF/axay) (Xiv Yz) for x > ank,nay > Ynfk.n
(GF/ax) (Xi7 Ynfk,n) for x > ank,lﬂy S Ynfk.,n
(aF/ay) (Xn—kqﬂ Y) for x S Xn—k,my > Yn—kﬁn
F(ank.,nﬂ Ynfk,n) for x S ank,my S Y

n—k,n*

L(Xin) =

The estimators of the model parameter vector (f,a;,y;,d,,7,) are obtained by
maximizing the resulting log-likelihood function. Results are shown in Table 2. Note that
the estimated parameters y; and y,, when estimated jointly with 5, are somewhat different
from when they are estimated in a purely one-dimensional context. We shall come back to
this point later.

The failure probability can be estimated by integrating the resulting parametric density
over the failure region, or rather the conditional density of X, given that (X,Y) is in the
failure region. For details see Bruun and Tawn (1995, 1996) or Draisma e.a. (1996, EUR-
10). This leads to a point estimate plus confidence interval:

p=114x1073
for the failure probability per year; 95% confidence interval:
(0,8.75 x 1073).
This means that zero probability is a real possibility.
Alternatively, once the model parameters (f8,a,,7,,d,,7,) are estimated, one can find
the failure probability by using the shift method from Section 5. This leads to a point
estimate for p but no confidence interval:

p=13x1073.

The procedure can be modified in yet another way. Since, as we have remarked in
Section 5, in the semi-parametric set-up the uncertainty in the estimation of / does not
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enter in the final result, we can use a non-parametric estimator of / instead of the logistic
one mentioned before. Since Huang’s (1992) non-parametric estimator is not a
homogeneous function we have to do this via the spectral measure ®. But since a
discrete measure does not fit into the maximum likelihood procedure, we smooth the
estimator ® or @ of Section 5 by convolution with a uniform distribution over a short
interval. For details see Draisma e.a. (1996, EUR-11).

6.2.2. Mixed model. A time series of 13 years is very short if one wishes to design a
dike. Return periods in The Netherlands for coastal defences vary between 2000 and
10,000 years (central part of The Netherlands). The return period of 10,000 year
implies a failure frequency of 10~ per year. Because especially for water levels the
periods of observations are much longer than 13 years a method has been developed in
order to make use of this. As a first step the marginal statistics of water level (Dillingh
et al., 1993), wave height (de Ronde et al., 1995) and wave period (Roskam et al.,)
have been derived taking the longest period of observation and the geographical
distribution of the extremes into account. Also mathematical models of storm surges
and of extreme wave heights have been used to check the geographical distribution and
the physical limits. For still water levels the usual extreme value modeling has been
used (Dillingh et al., 1993) but not so for the wave heights. In that case a conditional
Weibull distribution has been fitted to the larger observations and used for extrapolation
(de Ronde et al., 1995). In order to stay in line with this previous analysis a two-
dimensional analysis has been undertaken using extreme value (for still water) and
conditional Weibull (for wave height) marginals.

This is possible only in the framework of maximum likelihood methods. The
estimated failure probability per year is 2.0 x 10~* and the 95% confidence interval
(0,2.0 x 107?). However the desired connection with previous one-dimensional results has
not been achieved: once again the multidimensional maximum likelihood context changes
the marginal parameters. For details see Draisma et al. (1997, EUR/RIKZ-96.2+3).

6.3. Three variables approach

The three variables involved are still water level SWL, wave height HmO (both measured
in meters) and wave period Tpb (in seconds). The offshore failure region is given in (2.2).
The probabilistic and mathematical-statistical theory is completely analogous to the two-
dimensional case.

One-dimensional marginal parameters and two-dimensional dependence structures are
estimated as before. The results are shown in Table 3, and Figures 8 and 9. The trivariate
dependence structure is shown in two ways.

The empirical /-function is calculated:

I(x,y,z)

1 n
= %ZI{XI > Xn—[kx]+l,n orY; > er—[ky]+l,n orZ; > Z;r—[kz]+l,n}
i=1
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Table 3. Extreme value distribution parameters.

Parameter HmO Tpb SWL

k 27 27 27

y —0.0074 0.1183 —0.1215
5.53 11.57 1.69
0.53 1.03615 0.2915

and represented graphically in the following way: for each direction (x,y, z) the multiple

(4y» Ays 4;) with the property /(4,, 4, 4,) = 1 is presented. The result is Figure 8; in the
three pictures various numbers of upper order statistics (chosen such that at least one of
the three components exceeds a certain bound) have been used (k = 54,27, 14). Once
again the two properties of the /-function discussed in Section 3: convexity and similarity
of shape and correct boundary conditions, seem to hold approximately for I.

Figure 9 represents the dependence structure in yet another way, namely via the
scatter plot of the spectral measure obtained, that is, of the directions of the larger
transformed observations. The directions are indicated by their projection on the plane
x+y+z=1

From both representations it is quite obvious that there is no asymptotic independence
(this would mean a flat convex function in Figure 8 or concentration of points near the
three vertices in Figure 9).

The estimation of the failure probability is completely analogous to the two-
dimensional situation. However we have not yet completed the theoretical calculations
necessary for the construction of a confidence interval in three-dimensional space. The
estimated failure probability in this model is effectively zero: an offshore sea-level of 4 m
is necessary for the sea wall to fail—a height that is about the maximum of the estimated
marginal distribution of SWL (see Figure 3). Only if we adopt the y-value for SWL that
results from a much longer series () = —0.067), the estimated failure probability becomes
positive: 8.4 x 107° per year. In this case only still water level is significant. For details
see Draisma et al. 1996, EUR-7.

6.4. The load variable—reduction to the one-dimensional case

A direct approach that however is less flexible and does not provide insight in the
asymptotic dependence structure, is the following: for each combination (X;,Y;,Z;) of
offshore variables we calculate the corresponding load L(X;, Y;, Z;) on the sea wall (for the
function L see Subsection 2.2).

Since the failure region is defined as

{(x,y,2) | L(x,y,z) > 12.75},
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Figure 8. Trivariate Q-surfaces: level sets of /. Contours shown correspond to k = 54, 27 or 14 observations

respectively.
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Figure 9. Trivariate angular coordinates representing the spectral measure. Scatter plots shown correspond to
k = 54, 27 or 14 observations respectively.
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we have now reduced the three-dimensional problem to an exceedence probability
problem in one-dimensional space, which is easy to handle (Dijk and de Haan, 1992):

A 71/?/1
12.3 —
Pr{L(X,Y,Z) > 12.75} %5 (max{Q 1+ ,W})

where the estimators 7,,d(n/k) and b(n/k) are obtained from the L-data set. Figure 10
shows the y-estimator and the corresponding distribution tail. Figure 10 shows that the
failure probability is effectively zero. This approach is also called the ‘structure variable
approach’’.

6.5. The asymptotic independence issue

A special position in multidimensional extreme value theory is occupied by the situation
when the two components of the vector of componentwise maxima are independent in the
limit. This is a situation that occurs often in practice. Criteria for this to happen have been
given by Geffroy (1958, 1959) and Sibuya (1960). As remarked earlier this phenomenon is
reflected in the /-function (the graph of the function and hence also the Q-graph are
completely flat) and the spectral measure @ (which is concentrated in the extreme points).

Asymptotic dependence has little to do with the amount of independence of the
component of the original random vector: consider i.i.d. random vectors (U;, 1 — U;)
where U;’s are ii.d. uniform(0,1) random variables (i =1,2,...). Then the limit
distribution of the sequence (n(max,.,U; —1),nmax;,(1 —U;)) has independent
components, although the original components are completely determined by each
other. But of course, if the original components are independent, this is also true for the
limiting distributions.

Perhaps the best way to formulate Sibuya’s criterion in our context is to start from a
version of the domain of attraction criterion, namely (4.4):

lim n{l — F(a,x + b,,c,y +d,)} = —log G(x,y)

n—oQ

or equivalently,

X—-b Y—d
lim nPr( p %> xor . ">y):—logG(x,y) (6.1)

n—oQ
n n

where (X,Y) has distribution function F. Now there are two possibilities: either

X—-b Y—-d
lim nPr(—” > x and - = > y) (6.2)

—
n—oo an n

is positive for all x and y in the range of G or it is zero for all those x and y. The latter case
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Figure 10. The univariate approach. The top figure illustrates the estimation of the extreme value index y for
the load variable. The bottom figure shows the exceedence probabilities for the load variable. The solid line
shows the adapted tail distribution function. The vertical lines indicate the order statistics used to calculate the
estimate (k = 65).
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represents asymptotic independence. This means that in this case the probability mass of
the set in (6.2) is of lower order than that of the set in (6.1) as n — oco. The probability of
the set (6.1) (or more generally sets of similar form, i.e. that do not extend to x = —oo or
y = —o0) is completely unpredictable (i.e. impossible to estimate) in our model. So if the
failure area is of that particular form, we are in trouble. That is the reason why a
preliminary check on asymptotic independence is of primary importance.

Fortunately our data set does not exhibit asymptotic independence, but corresponding
data sets for the British coast do. This is why the British statistical group in the Neptune
project (J. Tawn and J. Bruun) has paid much attention to this problem and has in fact
come up with a more refined model that accommodates for this complication (see e.g.
Ledford and Tawn, 1997 and Bruun and Tawn, 1998).

Of course another and easy way out is to use the load variable approach of Subsection
6.4. But the model by Ledford and Tawn is much more interesting and it can be introduced
in the following way.

Let us start from a special case (for simplicity) of the domain of attraction condition
(cf. (4.25)):

lim t{1 — F(tx,1y)} = —log G(x,y)

1—00
or if (X,Y) is a random vector with distribution function F,

lim tPr{X > txor Y > ty} = —log G(x,y). (6.3)

1—00

For many of the results mentioned in e.g. Section 5 we need a second order
strengthening of this condition. Suppose there exists a positive function A such that for all
x,y>0

i tPr{X > txor Y > ty} + log G(x,y)
im
o AW

=:H(x,y) (6.4)

exists, is finite and not identically zero. It is easy to see that the function A must be a
regularly varying function with exponent less or equal to zero (cf. de Haan and Resnick,
1993). Suppose that in fact this exponent, p, is negative. Specialization of (6.4) to the two
components X and Y gives

tPr{X > tx} —x7!

tlg{r)lc A0 = H(x,00) (6.5)
lim (Pri¥ > oy} —y! = H(o0,y). (6.6)

s A
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Combination of (6.4), (6.5) and (6.6) gives

lim tPr{X > tx,Y > ty} —log G(x,y) —x~! —y~!

— H(x,00) + H(00,y) — H(x,). (6.7)

Now in the case of asymptotic independence
G(x,y) = e Vel
so that (6.7) reads as

tim PEZELZO} i o) 4 (oouy) - Hxy) 0. ©8)

Supposing that the limit is non-zero and comparing this relation with (6.3), i.e.

lim tPr{X > tx or Y > ty} = —log G(x,Yy),
—00

we see that relation (6.8) indeed allows us to evaluate asymptotically the probability of
the previously completely unpredictable tail events. The extra parameter 1 :=1 — p is
added to the model. See for further details on the model and its applications Ledford and
Tawn (1997) and Bruun and Tawn (1998).
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