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Main Topics:

e Polynomial regression
e Interaction regression models

e Qualitative variables
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- Polynomial regression models

e For example: Second order model with a predictor variable

Yi = By + Bz + 521'? + €4,

where x; = x;, — .

e Usually the variables are centered
e Careful with extrapolating with these models

e The sign of 3, determines the shape of the curves
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e For example: One predictor third order:

Yi = B+ 81w + Bryxi + Bzl + &,
e Example: Two predictors-second order

Yi = By + B1xi1 + BaTia + 511%21 + 5225’7@22 + B1oTi1xi2 + €4y

e Fit the regression model in the usual way

e For testing use a Hierarchical approach to fitting:
SSR(z,z?% x%) = SSR(z) + SSR(z?|x) + SSR(x?|x, x*)
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Drawbacks of polynomial regression models:

e Can be expensive in degrees of freedom
e Problem with multicollinearity even after centering the data

e Careful over fitting the data with high order polynomials.
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- Interaction Regression Model

A response function with p — 1 predictors will contain additive effects if it can be
written as:

Ely] = fi(z1) + fo(w2) + ... + f(zp-1)

Example: the effects of 1 and x5 are additive

Ely] = By + Br21 + Baxi + B2

but the following model is not additive:

Ely| = By + 121 + Bowa + Baw172

Careful because now (3; and 3, don't have the same interpretation as before: the
effect on y of the predictor variables are dependent on the level of the other variables
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e The mean increase in the response variable for a unit increase in x1 given x5 is
constant is:

By + B3

e Similarly, the change in mean response for a unit increase in x5 given x; constant
IS

By + B311
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If there are many predictor variables in a regression model the possible number of
interaction increases a lot. Ways of selecting these interaction terms:

e Plotting the residual of an additive model versus each interaction term

e Only use those interaction terms involving predictor variables that are important in
the model
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- Qualitative independent variables
How to include qualitative variables in a regression model?

e Example: An economist wants to relate the speed with which a particular insurance
innovation is adopted (y) with the size of the firm (x1) and the type of firm (z2).

y measures number of months between first firm adopted the innovation and the

given firm adopted it
r1 (quantitative) measures the amount of total assets of a firm
ro (qualitative) two classes: stock companies, and mutual companies

To include qualitative variables in the model we use dummy variables: a qualitative
variable with c classes will be represented by ¢ — 1 indicator functions, each taking

values 0 and 1.

1 if stock company
L2 = :
0 otherwise
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Y = 8o + Bixi1 + BaTiz + €4,

B4 is the differential effect of type of firm (how much higher or lower the mean
response line is for the classes coded 1 than for the class coded 0, for any given x;.)

e Model containing interaction effects

In previous example we could include the possibility of interaction effects between
size of company and type of company

Yi = By + B1xi1 + Bomio + Baxi1xio + €5,

The response function for this regression model is

Ely] = By + 121

for mutual firms
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Ely] = (8o + B2) + (81 + B3)x1

for stock firms
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e More complex models

Consider the regression model with a qualitative variable with more than two classes:
y productivity and x1 quantitative variable (investment) and a qualitative variable: 4
types of machines (A, B, C, and D)

1  Machine A

T2 = .
0 otherwise
( 1 Machine B

T3 = { .
\ 0 otherwise
( 1 Machine C

Tg = .
0 otherwise

A first-order regression model is

Yi = By + B1xi1 + Bomio + Baxis + Buxisa + €4,
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Machine A
EY| = By + By + b1,

Machine B

EY| = By + B3+ B121,
Machine C

EY| = By + B4+ B4,
Machine D

E[Y] — ﬁO —i_ﬁlwl?

First order regression model with interaction

Yi = Bo + Bi1xi1 + Boio + B3xis + B4xia + Bsi1Ti0 + Bexin®iz + BrTi1xiq + €4,
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e More than one qualitative predictor variable

y — advertising expenditure
r1 — sales
ry — type of firm (two classes: incorporated and sales management)

r3 — quality of sales (two classes: high and low)

1 if firm incorporated
0 otherwise

1 if quality of sales management high

0 otherwise
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e First order model with no interaction

Yi = Bo + B1xi1 + BoTio + 531’%‘3 +E

same slope for all the type of firm-quality of sales combination

e First-order model with certain interactions added

Yi = Bo + B1Ti1 + BaTia + BaTiz + BaxinTiz + Bsxinxiz + BgTiyTiz + €

For example: If type of firm is incorporation and quality of sales high:

Elyl = (Bg + Ba + B3+ Bg) + (81 + B4+ B5) 71
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e Comparison of two or more regression functions (soap production lines example)

y — amount of soap
x1 — line speed

ry — code for the production line: two classes (1 if production line 1 and 0 if
production line 2)

Yi = Bo + B1Ti1 + BoTia + BaTi1Tio + &

To test if the regression lines for the two production lines are the same:

Hy @ Py=03=0
Hy : [By#0o0rB3#0
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e Piecewise linear regression: sometimes the regression of y on x follows a particular

linear relation in some rage of x, but follows a different relation elsewhere

Example:
y — unit cost

r1 — lot size

Y = B+ Bizi1 + By (251 — 500) x40 + €
where
r;1 = lot size

1 if ;7 > 500

Li2 = :
‘ 0 otherwise
The mean response function is:
|f L1 < 500 then Xro — 0

Elyl = By + B121

Multiple Linear Regression Il



If 1 > 500 then zo =1

Ely] = By — 2500 + (81 + By)x1

We can extend this model to more than two piecewise regression lines, regression
functions with discontinuity,...
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