
Solution to the test

1.(a)

β̂ =
∑

(xi−x̄)(yi−ȳ)∑
(xx−x̄)2

=
∑

xiyi−nx̄ȳ∑
x2

i
−nx̄2 = 13469−100×10×11.8

12820−100×102 = 0.5918

α̂ = ȳ − x̄β̂ = 11.8− 0.5918× 10 = 5.882

An unbiased estimator forσ2 is s2 = MSE = SSE
n−2

And SSE =
∑

(yi − ŷi)2 = SSY Y − SSB, (V V = TV − EV )
TV = SSY Y =

∑
(yi − ȳ)2 =

∑
y2

i )− nȳ2 = 25543− 100× (11.8)2 = 11619
EV = SSB = nβ̂2S2

X = β̂2SSXX = β̂ · SSXY = 0.5918× 1669 = 987.7
Thus,V V = SSE = SSY Y − SSB = 11619− 987.7 = 10631.3
MSE = 10631.3

98 = 108.48
R2 = EV

TV = 1 − V V
TV = 1 − 10631.3

11619 = 0.085 Only 8.5% of the total variability is
explained by the straight line model.

(b)
A 95% CI for α is:
α̂± tn−2,α/2 · s(α̂)

= 5.882± t98,0.025 ·
√

s2( 1
n + x̄2∑

(xi−x̄)2
)

= 5.882± 1.99
√

108.48× ( 1
100 + 102

2820 )
= 5.882± 1.99× 2.22
= 5.882± 4.4178
= [1.4642, 10.2998]

A 95% CI for α is:
β̂ ± tn−2,α/2 · s(β̂)

= 0.5918± t98,0.025 ·
√

s2∑
(xi−x̄)2

, t98,0.025isapprox1.99

= 0.5918± 1.99×
√

108.48
2820

= 0.5918± 1.99× 0.196
= 0.5918± 0.39
= [0.2018, 0.9818]

(c)
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For testing
H0 : β = 0

Ha : β 6= 0

t = β̂

s(β̂)
= 0.5918

0.196 = 3.019, since|t| > t98,0.025 = 1.99, we rejectH0 : β = 0.

For testing
H0 : α = 0

Ha : α 6= 0

t = α̂
s(α̂) = 5.882

2.22 = 2.65, since|t| > t98,0.025 = 1.99, we rejectH0 : α = 0.

2.
(a)
min

β

∑
(yi − βxi)2

∂
∂β = 2

∑
(yi − βxi) · xi = 0 ⇒ β̂ =

∑
yixi∑
x2

i

(b)

β̂ =
∑

yixi∑
x2

i

=
∑ xi∑

x2
i

· yi is a linear combination ofyi andyi are normal, thuŝβ

is normal.

E[β̂] = E[
∑ xi∑

x2
i

· yi] =
∑ xi∑

x2
i

· E[yi] =
∑ xiβxi∑

x2
i

= β

∑
x2

i∑
x2

i

= β,unbiased.

V ar[β̂] = V ar[
∑ xi∑

x2
i

· yi] =
∑

( xi∑
x2

i

)2σ2 = σ2∑
x2

i

, sinceyi are independent,

andV ar[yi] = σ2.

3.
(a)

rxy =
∑

(xi−x̄)(yi−ȳ)√∑
(xi−x̄)2

√
(yi−ȳ)2

= 0 ⇒ ∑
(xi − x̄)(yi − ȳ) = 0 Then γ̂ = 0 and

δ̂ = ȳ − γ̂x̄ = ȳ. The regression line iŝy = ȳ.

(b)The LSE and the MLE agree under normality,
Sincel(y1, ...yn) = 1

(2πσ2)(n/2)
exp{− 1

2

∑
(yi − δ − γxi)2}.

(c)
ei = yi − ŷi = 0,∀i,⇒ ∑

e2
i = 0 i.e SSE = 0.

R2 = 1− SSE
SSY Y

= 1, perfect fit.
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(a)
From the computer output, we getα̂ = 0.62228, β̂ = 0.72646, ŷ = 0.62228 +

0.72646x,MSE = σ̂2 = 0.63933
8−2 = 0.106555.

(b)
From the computer output, we gêy = 0.19896 + 0.758333x,R2 = 98%, σ̂2 =

s2 = 0.0115972.

6.
(a)

ȳ =
∑

yi

n = 3240
8 = 405

x̄ =
∑

xi

n = 44
8 = 5.5

β̂1 =
∑

(xi−x̄)(yi−ȳ)∑
(xx−x̄)2

=
∑

xiyi−nx̄ȳ∑
x2

i
−nx̄2 = 18060−8×5.5×405

257−8×(5.5)2 = 240
15 = 16

β̂0 = ȳ − x̄β̂1 = 405− 5.5× 16 = 317
ŷ = 317 + 16x

(b)
s2 = MSE = SSE

n−2

And SSE =
∑

(yi − ŷi)2 = SSY Y − nβ̂2
1S2

X = SSY Y − β̂1 · SSXY = 8000−
3840 = 4160

SSY Y =
∑

(yi − ȳ)2 =
∑

y2
i )− nȳ2 = 1320200− 8× (405)2 = 8000

EV = SSB = nβ̂2
1S2

X = β̂2
1SSXX = β̂1 · SSXY = 16× 240 = 3840

MSE = 4160
6 = 693.3

(c)
F statistics for regression test:

H0 : β1 = 0

Ha : β1 6= 0

F = EV/1
MSE = 3840

693.3 = 5.5387
C.R:{F > F1,6,α}

(d)
A 95% CI for the mean when x=0.613 is:
ŷxh

± tn−2,y/2 · s(ŷxh
)

= ŷxh
± t6,0.025 ·

√
s2( 1

n + (xh−x̄2)2∑
(xi−x̄)2

)

ŷxh
= 317 + 16× 0.613 = 326.8

s(ŷxh
) =

√
s2( 1

n + (xh−x̄2)2∑
(xi−x̄)2

)

=
√

693.3( 1
8 + (0.613−5.5)2

15 )
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=
√

1190.524
= 34.5

t6,0.025 = 2.447
Thus, the95% CI for the mean when x=0.613 is:
326.8± 2.447× 34.5 = 326.8± 84.4215 = [242.3785, 411.2215].

7
ln yi = lnα + βxi + ei

ln y = {0, 2.197, 4.499, 6.8, 9.393}
β̂ =

∑
(xi−x̄)(yi−ȳ)∑

(xx−x̄)2
=

∑
xiyi−nx̄ȳ∑
x2

i
−nx̄2 = 13469−100×10×11.8

12820−100×102 ≈ 2.3389

8
A 95% CI for α is:
β̂ ± tn−2,α/2 · s(β)

= 3± t8,0.025 ·
√

s2∑
(xi−x̄)2

, t8,0.025 = 2.306

Since,s2 = Ŝ2
R = 2 = SSE

8 ⇒ SSE = 16
0.92 = R2 = 1− SSE

SST = 1− 16
SST ⇒ SST = 200

SSR = EV = 200− 16 = 184
184 = EV = SSR = β̂2

∑
(xi − x̄)2 = 32

∑
(xi − x̄)2

⇒ ∑
(xi − x̄)2 = 184

9 = 20.4

s(β̂) =
√

2
20.4 =

√
0.098 = 0.313

CI(β) = 3 ± 2.306 × 0.313 = 3 ± 0.72 = [2.28, 3.72] ⇒ yes, we can reject the
null hypothesis,because 0 not inCI(β)


